Introduction
A set S ⊂ Z is called a set of recurrence if for any invertible measure preserving system (X, B, µ, T ) and any A ∈ B with µ(A) > 0 there exists n ∈ S, n = 0, such that µ(A ∩ T −n A) > 0. For example, for any infinite E ⊂ N, the set of differences E − E = {x − y | x, y ∈ E, x > y} is a set of recurrence. Another simple example of a set of recurrence is given by any set containing arbitrarily long arithmetic progressions of the form {a, 2a, · · · , ka}. Less trivial example is the following. Let p(t) be a polynomial taking integer values on integers and satisfying p(0) = 0. Then {p(n) | n ∈ Z} is a set of recurrence. This result is due, independently, to H. Furstenberg [7] and A. Sárközy [13] . One can show that if a polynomial p(t) takes integer values on integers then the set {p(n) | n ∈ Z} is a set of recurrence if and only if it contains a multiple of a for any a ∈ N. (See, for example, [12] .)
The notion of a set of recurrence was introduced by H. Furstenberg in connection with number theoretical applications. (See, for example [7] and [6] .) The following brief remarks give some necessary background related to this connection.
For a subset E ⊂ Z its upper Banach density is defined by (If E ⊂ N one putsd(E) = lim sup n→∞ |E∩ [1,n] | n
.) If the limit in question exists, we say that E has density and denote it by d(E).
Furstenberg's correspondence principle (cf. [5, 7] , see also [2] ). Let E ⊂ Z with d * (E) > 0. Then there exist a measure preserving system (X, B, µ, T ) and a set A E ∈ B with µ(A E ) = d * (E) such that for any k ∈ N and for any n 1 , n 2 , . . . , n k ∈ Z one has:
The following corollary of Furstenberg's correspondence principle makes the connection between sets of recurrence and number theory quite apparent (cf. [3] , see also [2, Theorem 4.4] for a stronger result.)
Proposition 1.1. A set R ⊂ Z is a set of recurrence if and only if for any E ⊂ Z with d
* (E) > 0 one has
In other words, R is a set of recurrence if and only if one can always solve the diophantine equation x − y = z with x, y ∈ E, z ∈ R. Before giving the proof of Proposition 1.1 we formulate a convenient lemma (which will also be utilized in the proof of Proposition 1.3 (the uniformity of recurrence) below. Proof of Proposition 1.1. In one direction the result follows immediately from Furstenberg's correspondence principle. Indeed, if E ⊂ Z, d * (E) > 0, then for any n, and in particular for any n ∈ R, one has d
If R is a set of recurrence one can find n ∈ R such that µ(
Assume now that for any E ⊂ Z with d
We shall show that R is a set of recurrence. Let (X, B, µ, T ) be a measure preserving system and A ∈ B with µ(A) > 0. By Lemma 1.2 there exists a set E = {n m } ∞ m=1
We are done. |I| > a, then there exist x, y ∈ F and k ∈ R with x − y = k (which is the same as (F − F ) ∩ R = ∅). Indeed, if this was not the case, one could find arbitrarily long intervals I n and subsets F n ⊂ I n satisfying
Note also that F n (a) ⊂ F n (b) for all 0 < b < a and that F n (a) = ∅ for all n. Let 0 < a 0 < a, and let N n+1 = l n N n + r n , where 0 ≤ r n < N n . By going to a subsequence of N n , n = 1, 2, . . . , if necessary, one may assume that l n are sufficiently large so that
Since there are only finitely many sets F ⊂ {1, . . . , N 1 }, there exists an infinite sequence
Now let (X, B, µ, T ) be a measure preserving system and let A ∈ B with µ(A) > a > 0. By Lemma 1.2 there exists a set
. This shows that one can put K(a) = 2L(a). We are done.
Remarks. (i) One can find another proof of Proposition 1.3 in [4] .
(ii) So far we have only treated subsets of Z and Z-actions. However, everything extends to the Z k -case. Let us say that a set 
Proof. Given an arbitrary measure preserving system (X, 
From this corollary it follows that, for example, {[αn 2 ] | n ∈ N} is a set of recurrence. To see this, notice that for any x ∈ R and h ∈ N, we have the following identity (1) [ βn. This will not cause any confusion since we are going to be interested in the values taken by generalized polynomials. Second, on many occasions we shall not distinguish between the set of values of a generalized polynomial, {q(n) | n ∈ N}, and the naturally formed sequence (q(n)) ∞ n=1 . The "sequential" vision of generalized polynomials will be especially natural when we shall be checking whether the set {q(n) | n ∈ N} is an averaging set of recurrence. Definition 1.5. An ordered set of recurrence {x n | n ∈ N} ⊂ Z is an averaging set of recurrence if for any invertible measure preserving system (X, B, µ, T ) and any A ∈ B with µ(A) > 0 one has
For example, any set of density one in N is an averaging set of recurrence. On the other hand, one can easily construct an infinite set E ⊂ N such that the naturally ordered set of recurrence {x − y | x, y ∈ E, x > y} is not an averaging set of recurrence.
Given a polynomial p(n) which takes integer values on integers one can show that p(N) is a set of recurrence if and only if it is an averaging set of recurrence (and if and only if p(N) ∩ aZ = ∅ for all a ∈ N). The criteria for when a set q(N) is a set of recurrence, where q(n) is a generalized polynomial, are more complicated.
Here are a few illustrative examples. Notice that a necessary condition for a set R to be a set of recurrence is that
but is not a set of recurrence. On the other hand,
averaging set of recurrence. Curiously enough, both the sets (1) and (2)).
Conjecture. Let q(n) be a generalized polynomial, taking integer values on integers. Then q(N) is a set of recurrence if and only if it is an averaging set of recurrence.
Note that in order to prove that x n , n = 1, 2, . . . , is an averaging set of recurrence, it is enough to show two things:
e 2πixnλ exists for any λ ∈ R.
(To see that (ii) implies the existence of lim N →∞
use the spectral theorem and Lebesgue convergence theorem:
In light of this it would be nice to know the answer to the following:
Question. Is it true that the limit lim
e 2πiq(n)λ exists for any generalized polynomial q(n) and any λ ∈ R?
In Sections 2 and 3 two different methods of studying sets of recurrence of the form q(N) where q is a generalized polynomial are presented. In Section 4 we give conditions for some concrete families of generalized polynomials to generate averaging sets of recurrence. A sample of results to be found in Section 4 was brought before Conjecture above.
Generalized polynomials whose values contain polynomial progressions
By a polynomial progression we mean a finite sequence of the form p(n), n = 1, 2, . . . , N , where p(t) is a polynomial. In what follows we shall need a generalization of Corollary 1.4. We shall obtain this generalization as a corollary of the following. 
Proof. Let (X, B, µ) be a probability space, T 1 , T 2 , . . . , T k measure preserving transformations and let A ∈ B with µ(
By Proposition 1.3 and the Remark after it, one sees that the following form of this statement is true:
where the union is taken over all (n 1 , n 2 , . . . , n k ) ∈ Z k and n ∈ Z such that both vectors (n 1 , n 2 , . . . , n k ) and (
But the number of such pairs does not exceed L k+1 . So one of the intersections
has measure at least a 2L k+1 . Analogously to Corollary 1.4 we get
any linearly independent polynomials taking integer values on integers, and satisfying
and any increasing sequence of integers
is a set of recurrence.
As in the example after Corollary 1.4 it now follows that { [αn 2 ] + [βn] | n ∈ Z } is a set of recurrence. By the following theorem it is also an averaging set of recurrence.
We call R = {x n | n ∈ N} an almost averaging set of recurrence if for any measure preserving system (X, B, µ, T ) and A ∈ B with µ(A) > 0, lim sup n→∞
Note that there are generalized polynomials q(n) for which {q(n) | n ∈ Z} does not contain arbitrarily long polynomial progressions. For example,
n ∈ Z } is shown not to be a set of recurrence in Section 4.
and where r 1 < r 2 < . . . < r l are natural numbers and
such that the set Proof. The first part follows from Corollary 2.2. Let (X, B, µ, T ) be a measure preserving system and A ∈ B with µ(A) > 0. Let R = {(n r1 , . . . , n r l ) | n ∈ N}. By Proposition 2.1 there exist some C(a) ∈ N and c(a) > 0 such that for each n ∈ S k , where k is chosen so that N k > C(a), there is some n ∈ {1, 2, . . . , N k } such that with
where
By the observation made after Conjecture at the end of Section 1, we are done.
If
is (a representation) of an integer-valued generalized polynomial, then α, β, λ, δ, γ are called the coefficients of (the representation of) the generalized polynomial q 1 (n). Denote by C(q) all the coefficients of an integer-valued generalized polynomial q(n), and let P (q) = C(v), where the union is taken over all generalized polynomials v(n) which are obtained from q(n) by removing any number of nested brackets in q(n). Proof. First, consider simple generalized polynomials q(n) by which we mean generalized polynomials whose representations do not contain any sums, as for example
[λn]n.
Note that q 1 (n) above is not simple. Since q 2 (n) has independent coefficients, then (αn, 
This method of finding arbitrarily long polynomial progressions in {[q(n)] | n ∈ N}, works for many other generalized polynomials as well. For example,
is an averaging set of recurrence for any k ∈ N, α i ∈ R, since for any N ∈ N, there exists k 1 ∈ N, 1 < k 1 
. . , N , where p m (n) is a polynomial without a constant term. Furthermore,
exists for any λ ∈ R. For by [11] 
. . , is not uniformly distributed (mod 1), then either λ is rational or k < 3 and λ depends rationally on 1, 1/α 1 (k = 1) or on 1, α 1 /α 2 = √ c for some c ∈ Q + (k = 2), in which cases we have identities like [αn] 
2 | n ∈ N} cannot contain any quadratic polynomial progressions, and possibly no polynomial progressions at all.
The spectral method
Furstenberg used spectral theory in [7] to show that polynomials p(t) taking integer values on the integers and with p(0) = 0, form sets of recurrence. We shall use a similar method.
Recall that a real-valued sequence y n , n = 1, 2, . . . , is uniformly distributed (mod 1) if and only if for any Riemann-integrable periodic mod 1 function g,
gdx, and that this is equivalent to Weyl's criterion:
Let {x n | n ∈ N} be a subset of Z, and let
. , is not uniformly distributed (mod 1) }.
For many integer-valued generalized polynomials q(n) we can show that the sequence q(n)λ, n = 1, 2, . . . , is uniformly distributed (mod 1) when λ ∈ R is outside a certain countably set Λ e which only depends on the coefficients of q(n). Here it depends on α and β if Λ is equal to Λ e . Often it is hard to determine precisely what Λ(x n ) is. Therefore, to avoid unnecessary problems of finding Λ(x n ), we shall sometimes let Λ e = Λ e (x n ) to be a subset of R containing Λ(x n ). Note that Q ⊆ Λ(x n ) ⊆ Λ e (x n ), so that Λ(x n ) is always infinite. However, it is not known whether Λ(q(n)) is countable for any integer-valued generalized polynomial q(n). Definition 3.1. An integer valued sequence x n , n = 1, 2, . . . , has property P if there exists a countable set Λ e containing Λ(x n ) and such that for any λ 1 , . . . , λ l ∈ Λ e there exist real-valued sequences v 1 (n), . . . , v k (n), n = 1, 2, . . . , and Riemannintegrable periodic mod 1 functions
Question. Is it true that for any integer-valued generalized polynomial q(n), the sequence q(n), n = 1, 2, . . . , has property P?
Let {x n | n ∈ N} ⊂ Z be a sequence having the property P and let Λ e (x n ) ⊇ Λ(x n ) be a countable set. If (X, B, µ, T ) is a measure preserving system, then denote by H Λ e the subspace of H = L 2 (X, B, µ) spanned by the eigenfunctions of T corresponding to the eigenvalues e 2πiλ , λ ∈ Λ e (x n ). If δ > 0 and Λ 0 ⊂ Λ e (x n ) is a finite subset, let
. . , is an integer-valued sequence with the property P, let Λ e = Λ e (x n ) ⊇ Λ(x n ) be a countable set, let Λ 0 be some finite subset of Λ e , let δ > 0 and let
N exists, and for any λ ∈ R, the limits (5) lim
and lim
exist. If λ ∈ Λ e , then both limits in (5) equal 0.
. . , has the property P, there exist Riemann-integrable periodic mod 1 functions g i , i = 1, . . . , l, and sequences
Then n ∈ G if and only
If λ ∈ Λ e , then by the definition of Λ e , lim
e 2πix n λ = 0, and
where g(y 0 , y 1 , . . . , y k ) = e 2πiy0 g 0 (y 1 , . . . , y k ) is a Riemann-integrable periodic mod 1 function. Since (x n λ, v 1 (n), . . . , v k (n)), n = 1, 2, . . . , is uniformly distributed (mod 1), (6) converges to then for λ, λ 1 , . . . , λ l there exist Riemann-integrable periodic mod 1 functions f and g i , i = 1, . . . , l, and real-valued sequences v 1 
. . , be an integer-valued sequence with property P, let Λ e = Λ e (x n ) ⊇ Λ(x n ) be a countable set, let Λ 0 be some finite subset of Λ e , let δ > 0 and let
δ) be defined by (4). If f is orthogonal to any function in
Proof. By the spectral theorem,
By Lemma 3.2,
Since f is orthogonal to H Λ e , the measure ν f does not have atoms in Λ e . Therefore, since Λ e is countable, we have 1
Hence, (7) converges to 0. Proof. Let (X, B, µ, T ) be a measure preserving system and let A ∈ B with µ(A) > 0. We will show that if all G(Λ 0 , δ) has positive density, then
As before, denote by H Λ e the subspace of H = L 2 (X, B, µ) spanned by the eigenfunctions of T corresponding to the eigenvalues e 2πiλ , λ ∈ Λ e (x n ). Let f ∈ H be such that lim 
By Lemma 3.3, 
exists for any λ ∈ R. So by the comments at the end of Section 1
exists. We therefore get
which shows that {x n | n ∈ N} is an averaging set of recurrence. Now, let Λ 0 = {λ 1 , . . . , λ l } and δ > 0, and consider the measure preserving 
which shows that {x n | n ∈ N} cannot be an averaging set of recurrence if
Hence, by using ( eq-sub) with Λ 1 instead of Λ 0 and for a new system (K l+r , B, µ, T ), we see that {x n | n ∈ N} is not a set of recurrence. (n) , . . . , u l (n)), n = 1, 2, . . . , is uniformly distributed (mod 1) and such that
Note that if all generalized polynomials are manageable, then the answer to the question at the end of Section 1 is positive. 
Proof. Here we let Λ e = Λ = Q. So since q(n) is manageable, q(n) has the property P and
For example, the generalized polynomials 
has non-empty intersection with any IP-set. A set which non-trivially intersects any IP-set is called an IP * -set. It is known that the intersection of finitely many IP * -sets is an IP * -set. Any IP * -set has bounded gaps and hence has positive upper density. (See [7] for more details.) So if f 1 (n), . . . , f k (n) are IP-recurrent, then for any ε > 0 the set {n ∈ N | |f i (n) − f i (0)| < ε, i = 1, 2, . . . , k} is an IP * -set, and in particular it has positive upper density. A function g(n) is called LIPR if e 2πig(n)λ is IP-recurrent for any λ ∈ R. Remark. It is not necessary to use the same θ for all the brackets even though we have found it convenient to do so here.
Proposition 3.7. Let q(n) be a manageable integer-valued generalized polynomial which has the property P and is such that q(0) = 0. Then there exists a real number θ such that if q θ (n) is the generalized polynomial obtained from q(n) by replacing each bracket by I θ , the set { q θ (n) | n ∈ N} is an averaging set of recurrence.
Proof. By Lemma 3.6, the θ's may be chosen arbitrary small so that q θ (0) = 0. Since q(n) is manageable it follows that if q(n)λ is uniformly distributed (mod 1), then q θ (n)λ is also uniformly distributed (mod 1), and q θ (n) inherits the property P. The proposition now follows by Lemma 3.6 and Theorem 3.4.
Note that there are many generalized polynomials q(n) for which {q(n) | n ∈ N} is a set of recurrence even though q(n) is not LIPR. However, in Proposition 4.1 we give examples of generalized polynomials q(n) for which {q(n) | n ∈ N} are not sets of recurrence.
Some special results
We give conditions for when the values of certain generalized polynomials of degree one and two form an averaging set of recurrence. It follows from [9] that these generalized polynomials q(n) have the property P. For most of these generalized polynomials, Theorem 2.3 is not (easily) applicable. 2 | n ∈ N}, α irrational, γ ∈ R, is ASR.
Remarks. (i) The generalized polynomials of (1) and (2) are ASR for any rational value of α, while some conditions are needed for those in (3)-(6) if α is rational.
